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In  the  least-squares ref inement  of crystal structures in- 
volving anisotropic tempera ture  motion,  individual  a tom 
tempera ture  factors exp (--Mh) are convenient ly  in- 
t roduced by expressing Mh in the form 

3 3 
Mh = Z Z fzjhihj, fi/ = f f i ,  (1) 

i=1 j=l 
3 

where h = ~ hibi is the reciprocal-lattice vector for the 
i = 1  

reflection. Two problems which arise are (1) the  deter- 
ruination of relations among the fl# for symmetry- re la ted  
atoms, and (2) the  de terminat ion  of restrictions among 
the  flij for an a tom in a position of special symmetry .  
A derivat ion of these relations applicable to any  type of 
posit ion in any  space group is given here, and  examples 
are presented.  

Tempera ture  factor (1) corresponds to a Gaussian 
distr ibut ion of scattering ma t t e r  in three dimensions 
having a mean-square  component  of displacement  in any  
direction h given by a sum of squares of components  in 
the  three or thogonal  principal axis directions: 

3 
<~,>~,. = Z (~<')" h/lhl) e • (2) 

r=l 

Here ~(') is a vector  parallel to principal displacement r 
whose magni tude  is the  root-mean-square displacement  
in tha t  direction. The problem of finding the  vectors/~(r) 
from the coefficients flii is discussed by Waser  (1955). 
In  the  present  discussion, the  formulat ion of the  fl# in 
terms of the  components  ~(i r), i ---- 1, 2, 3, of H (r) resolved 
along the  crystal axes a / i s  desired: 

3 
p<r)--ZQ~')a~:, r =  1,2,3. (3) 

i = [  

If now h is identified as a reciprocal-lattice vector, 
equat ion  (2) becomes 

1 a (  )e 3 3 2 = v h.h. )-: ,~r),(r) 
i=1 I ~  i=1/=1 r=l  

The tempera ture  factor exponent  (see, for example,  
James ,  1954) is given by 

.M h .= 2geJhle<~U~>av. , 

so tha t  the  f l#in (1) are re la ted to the crystal axis com- 
ponents  of the  principal root-mean-square thermal  dis- 
p lacements  by 

3 
f~/ = 2n e ~ ,  . ( ' )~ ' )  (4) 

7=I 

The components Q~r) transform under symmetry opera- 
tions as do the coordinates of general positior~s xi in the 
unit cell, except of course that there are no translational 
components. The behavior of the fij can conveniently be 
found, in accord with equation (4), by examining the 
t ransformat ion of the  quadrat ic  products  xixj in which 
translat ional  terms are ignored. 

The following rules thus give the desired relationships:  
Rule 1 . - -The quanti t ies  fl# for dist inct  positions, 

general or special, related by a symmet ry  operation are 
related as are the  quadrat ic  products  of atomic coor- 
dinates, t ranslat ional  terms being ignored, for general 
positions related by the  symmet ry  operation. 

Rule 2 . - -The  quanti t ies  fl# associated with a posit ion 
of special symmet ry  are restricted as required by the  
invariance of all flii, when t ransformed as described by  
Rule 1 above, under  all symmet ry  operations leaving the  
position invariant .  

The use of these rules is i l lustrated by  the  following 
examples. In  space group D~h--63/mmc , (x, y, z) is a general 
position of set (1) and flij are the associated tempera ture  
factor coefficients. The coefficients fl~j associated wi th  
two other  positions of the  set are listed in Table 1. 

Table 1 

Position x, y, z Position x, y, z 
transforms to transforms to 

y--x, y, z x--y, x, ½+z 
^ ~ ^ 

, 

11 y~-- 2xy f2e -- 2fze x e -- 2xy fzz -- 2fae 
+ xe +fzz +ye +f99. 

22 ye fe~. X2 f l l  

33 z 9 faa zg faa 
12 ye _ x y  f 2 2 - -  f12 X e - -  x y  f l l - -  f l e  

23 yz flea X Z  ~31 

Consider now the  special position (x, 2x, z) of set (k) 
of the  same space group. This position lies in a mirror  
plane whose operation transforms the  general atomic 
coordinates as in the  lef t -hand half of the  preceding table. 
According to Rule 2, the  fii must  remain invar iant  to 
the  t ransformation.  Thus 

6 

f l l  = f 2 2 - -  2 f12"~  f 1 1 '  
f12 = f e e - - f i e  ' 

These equalities require tha t  the  fl# be restr icted by  

f .  = ½f~e, f3 ,  = ½re3, 

so tha t  only four independent  coefficients exist for posi- 
tions of set (k). These restrictions correspond to fixing 
the  direction of one principal axis of displacement normal  
to the mirror plane. 

This work was performed under  the  auspices of the  
U.S. Atomic Energy  Commission. 
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